Computational rheology deals with the formulation and solution of constitutive equations for non-Newtonian materials. From these the emphasis is put on polymeric materials, which exhibit both viscous and elastic behaviour in flow and deformation. These materials are often called viscoelastic materials. Polymer solutions and melts (e.g. commercial plastics and rubber) are good examples of viscoelastic materials. Their processing under continuous (e.g. extrusion) or batch (e.g. injection molding) operations is the main occupation of the plastics and rubber industries, but the corresponding modelling and numerical simulation is a difficult task and a relatively recent undertaking.
INTRODUCTION
An important class of non-Newtonian materials exhibits viscous as well as elastic stresses, which tend to dominate the deformation and flow in processing operations. An important subclass of these non-Newtonian materials are polymer melts, which are shaped to become commercial plastics in what is known in the plastics industry as polymer processing. The most commonly used plastics are polyethylenes (PE's), such as low-and high-density (LDPE and HDPE) and linear low (LLDPE), polystyrene (PS), polypropylene (PP), polycarbonate (PC), nylon, etc. In the coating industry, polymer solutions are used for the main applications, and there exist a variety of solvents and solutes to make up the desired coating products. A list of materials and their polymer processing operations can be found in standard textbooks (e.g. Bird et al. [1] , Tadmor and Gogos [2] , Baird and Collias [3] ).
The mathematical modelling of these materials is the subject of viscoelasticity. It is necessary to derive constitutive equations capable of describing the behaviour of these materials under general conditions of flow and deformation. The solution of these equations is the subject of computational rheology. The first step consists of describing the linear viscoelastic behaviour of the materials in simple deformations, such as step strain, shear and elongation flows at low rates of deformation. The theory of linear viscoelasticity is well-established (Bird et al. [1] ), and follows directly from the theory on continuum mechanics. The second step is to describe the behaviour of the materials at high deformation rates in strong (but still simple) flows, such as shear and elongation. The non-linear behaviour obtained under these conditions has to be reflected in the constitutive equations through inclusion of appropriate non-linear terms.
A plethora of constitutive equations exists of varying complexity, which can be roughly categorized as differential or integral equations, based on their mathematical formulation. All these equations reduce to the Newtonian fluid in the absence of elastic constants. They also reduce to the Maxwell fluid by using a single elastic constant related to the relaxation time of the material. However, they predict material functions of various degrees of linearity or non-linearity, depending on the level of complexity they possess. Their predictions are compared against experimental values obtained in simple tests of deformation and flow, which is the subject of experimental rheology or rheometry. It is understood that if the predictions are accurate for simple cases of flow and deformation, then the constitutive models are possibly good candidates to describe the behaviour of the materials in complex flows as well, under strong deformation, such as those encountered in polymer processing.
The history of computational rheology, and in particular the numerical simulation of viscoelasticity and its role in polymer processing, has passed through many ups and downs, resembling the situation in turbulence modelling, where no universally accepted theory or model have been identified. It is fair to say that the subject of viscoelasticity is still very much a highly active area of research with groups working at it around the world. Early attempts were plagued by loss of convergence of the numerical scheme at relatively low values of elasticity, usually defined as a dimensionless Deborah (De) or Weissenberg (Ws, We, Wi) number, relating the elastic forces to the viscous forces. Typically the loss of convergence was occurring near the Newtonian limit, where results were uninteresting and far away from the experimental observations (see Crochet et al. [4] and review by Mitsoulis [5] ). In the last decade, the high Weissenberg number limit has been largely solved with special techniques, such as Streamline-Upwind/Petrov-Galerkin (SUPG) techniques [6] for differential models, and Adaptive Viscoelastic Stress Splitting (AVSS) techniques [7] for both differential and integral models.
In the present work, we shall present some of the most popular integral models and provide examples of interesting problems that have been solved in computational rheology. Some future challenges will also be mentioned, typical of problems in rheology and polymer processing.
MATHEMATICAL MODELLING
The flow is governed by the usual conservation equations of mass, momentum and energy for incompressible fluids and laminar flow. To model the stress-deformation behaviour of viscoelastic materials, different constitutive equations have been proposed [1] both of differential and integral types. In what follows we present the integral constitutive equations, mostly favoured by numerical analysts.
INTEGRAL CONSTITUTIVE EQUATIONS

K-BKZ MODEL
The integral constitutive equation of the K-BKZ type is based on the potential theory of rubber elasticity and provides the stress tensor as a time integral of the form [8] : (1) where m(t-t') is the time-dependent term, ϕ 1 (I 1 ,I 2 ) and ϕ 2 (I 1 ,I 2 ) are strain-dependent terms, I 1 and I 2 are the first invariants of the Cauchy-Green tensor, C t , and its inverse, the Finger tensor C t -1 . The time-dependent term is well established as being a sum of relaxation modes corresponding to a discrete relaxation spectrum, i.e., (2) where a k are the relaxation moduli and λ k are the relaxation times, respectively, for N relaxation modes. Note that the zero-shear-rate viscosity η 0 = Σλ k a k . The strain-memory term may take different forms that give rise to specific types of different constitutive models. For example, the Wagner model has the following form:
Wagner model [9] :
Papanastasiou-Scriven-Macosko (PSM) model [10] :
Luo and Tanner model (PSM modification) [11] : (5) Note that in the above n, α, β and θ are material constants. In particular, n and α relate to strong shear deformations, β relates to elongational deformations, while θ relates to the existence of second normal stress difference effects, and is defined by N 2 /N 1 = θ/(1 -θ), where N 1 and N 2 are the first and second normal stress differences, respectively.
RHEOLOGICAL CHARACTERIZATION
The above models can be used for full rheological characterization of polymeric materials, such as polymer solutions and melts. Figures 1 and 2 show such a non-linear regression fit to experimental rheological data with the K-BKZ (PSM) model, while Table 1 contains the values of the parameters obtained from the best fit to the experimental data [12, 13] .
DIMENSIONLESS GROUPS
The viscoelastic character of the flow is assessed by a dimensionless Deborah number (De) or Weissenberg number (Ws, We, Wi) or stress ratio (S R ), defined respectively by: 
where H is a characteristic length (half the channel width or radius R), U is a characteristic speed taken as the average velocity of the fluid, λ is the relaxation time, γ w is the apparent shear rate, N 1,w is the first normal stress difference, and τ w is the shear stress, all last three evaluated at the channel wall. In all cases, the Newtonian fluid corresponds to De = Ws = S R = 0. However, at the other extreme of an elastic solid, De = Ws = S R ö ∞.
METHOD OF SOLUTION
The conservation and constitutive equations along with the appropriate boundary conditions are solved by most research groups using the Finite Element Method (FEM), although other numerical methods have also been used successfully. While for the differential models, the primitive variables are the velocities, the pressure, the extra stresses, and the rates-of-strain (u-v-p-U-g formulation), for the integral models, the approach usually taken [11, 13, 14] involves as primary variables only the velocities and pressure (u-v-p formulation), thus greatly reducing the computational cost of the problems. Streamline-Upwind/Petrov-Galerkin (or for short SU/PG) schemes are used with differential models to take care of the hyperbolic character of the flow due to the presence of the convective derivatives [6] . With integral models, this is not applicable, because the integration is carried out along pathlines, which do not require upwinding. However, it is important in all cases to split the stresses into a viscous part and an elastic part, a scheme known as Elastic-Viscous Stress Splitting (EVSS) [4] . Recently, it was found that the EVSS
τ Ws = U H λ scheme becomes very robust and accurate when the viscous stresses are allowed to become adaptive to the magnitude of the elastic stresses, as explained in the paper by Sun et al. [7] . This scheme is called Adaptive Viscoelastic Stress Splitting (AVSS), and it is extremely simple to use, since it only requires the use of a reference viscosity η ref for the viscous stresses. Thus, it is possible to get accurate results for the viscoelastic stresses at high elasticity levels, provided many elements are used in the areas of interest. Another point of attention concerns the incorporation of irreversibility of the strainmemory function in the calculations, as pointed out by Wagner [9] . This is done automatically when ordering the Gauss-Laguerre points of the integration, as done by Luo and Mitsoulis [15] .
With integral constitutive equations, successive substitution (Picard iteration) is used for simplicity in the solution of the non-linear set of equations. Successive solutions are obtained by using a continuation scheme, starting from the Newtonian solution and either increasing the Weissenberg number or the flow rate. Streamlines are obtained a posteriori by solving the Poisson equation for the stream function. More details can be found in [15] .
RESULTS AND DISCUSSION
EXAMPLE 1: CONTRACTION FLOWS OF POLYMER MELTS
In computational rheology the major emphasis has been directed towards assigning benchmark problems for testing. A rather simple but non-trivial geometry to test the validity of the constitutive equations for being able to predict strong viscoelastic behaviour of polymer melts and compare it with well-accepted experimental results, is the flow through a 4:1 axisymmetric contraction and an orifice die. This geometry corresponds to a standard capillary die used in rheometry to measure the viscosity of polymer melts.
Figure 2 (left):
Model predictions of shear viscosity η S , first normal stress difference N 1 , and extensional viscosities η E (uniaxial), η B (biaxial), η P (planar), for the IUPAC-LDPE melt (sample A) using the K-BKZ model with the material parameters given in Table 1 . Symbols are experimental data reported by Meissner [12] . Figure 3 : Streamline patterns at different apparent shear rates or stress ratios (see Eq. 8) for the flow of the IUPAC-LDPE melt at 150°C through a 4:1 axisymmetric contraction and a capillary die with L/R = 0 (orifice) [13] .
The K-BKZ model with the PSM strain-memory function and the Luo-Tanner modification has been used, first to rheologically characterize the material (a standard IUPAC low-density polyethylene melt, LDPE-Melt A at 150°C). The results have been given in Figures 1 and 2 and Table 1 . Then, numerical flow simulations have been undertaken by increasing the flow rate. The results are shown in Figure 3 , as streamline patterns [13] . It is interesting to note the dramatic increase in vortex growth and extrudate swelling after the orifice, as the melt is extruded in the atmosphere. Swell ratios of up to 3 are obtained. These results are in very good agreement with the experimental data collected from a worldwide effort by Meissner [12] .
For the case of a polymer solution, the rheological community has come up with an elastic liquid, which is a shear-thinning test fluid of polyisobutylene in polybutene (PIB/PB), nicknamed S1 fluid. Proper rheological characterization has been performed, and the data have been fitted with the K-BKZ model with 4 relaxation modes [16] . The corresponding numerical simulations have been performed in a recent study [17] and show a good correspondence between theory and experiments, as evidenced in Fig. 4 , for the highest experimental flow rates.
EXAMPLE 2: FLOW AROUND A SPHERE -DRAG COEFFICIENT RESULTS
Another benchmark problem in computational rheology has been assigned to the flow around a sphere falling inside a cylindrical tube. Figure 5 shows a schematic representation of the domain along with boundary conditions. Experiments have been conducted with the same S1 fluid as above by Degand and Walters [18] for a tightly fitting arrangement, where the cylinder to sphere diameter ratio is R c /R=1.14. The drag coefficient is defined as (9) where F is the drag force exerted by the fluid on the sphere, and K N is the Stokes drag coefficient for a corresponding Newtonian fluid with a viscosity of η 0 . Figure 6 shows the drag coefficient as a function of the Weissenberg number both for the experiments and the simulations, where a good agreement is obtained for the whole range of experimental observations. More on the subject can be found in [19] .
CONCLUSIONS
Computational rheology has made good progress in recent years in the numerical simulation of viscoelastic materials. The use of multimode models, such as the integral K-BKZ model with a spectrum of relaxation times, has shown promise in reproducing experimental results in some special cases of rheology and rheometry. These include simple two-dimensional geometries, such as flow around a cylinder or a sphere, flow through contractions and extrusion dies. Many unresolved problems still exist: they include among others, the incorporation of proper slip boundary conditions [20] , strong temperature effects [21] , problems with complex free sur- Streamline patterns at Ws = 4 (see Eq. 7) for the flow of the S1 test fluid (polymer solution PIB/PB) at 21°C through a 4:1 axisymmetric contraction: (upper half) experiments [16] , (lower half) simulations [17] . Figure 6 : Drag coefficient vs. Weissenberg number for the shear-thinning test fluid S1 [19] . Symbols are experimental data reported by Degand and Walters [18] . faces [22] , and of course, the full three-dimensional non-isothermal simulations, which are in the process of being performed by different groups around the world. With the increasing speed of computers available to researchers, as well as taking into account the concerted effort by many different groups around the world, these problems are bound to be solved and ultimately help the polymer processing industry to design more effectively equipment for better processing and products.
